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Power of quantum computers

Dequantizing algorithms to
understand quantum advantage
In machine learning

Ewin Tang

Shor’s algorithm

Quantum Computers

b
'S single-qubit gate

A Polynomial-Time Classical Algorithm for Noisy Random Circuit Sampling

Destroy Internet Security

Authors: Dorit Aharonov, Xun Gao Zeph Landau Yunchao Liu, Umesh Vazirani Authors Info & Claims

STOC 2023: Proceedings of the 55th Annual ACM Symposium on Theory of Computing « Pages 945 - 957
https://doi.org/10.1145/3564246.3585234
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Performance is benchmarked against classical computers.

qlte"“m the entangled
Quantum x .
Technologies cormm Dl_ltlﬂg |EID



Replacing (some) quantum with classical

Quantum
Computation

Classical

Classical ML
Algorithm Algorithm
w/ data

Nat. Commun., 12(1), 2631 (2021).

Access to data makes classical
machines more powerful.
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Learning from limited measurements

Datapoint y

_10
e A
Shot noise is an intrinsic aspect
of learning quantum models.
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(1) Asymmetrical trade-offs between N; and N

Many samples, one shot per sample

Results overview

Can we obtain provable guarantees of learning that
exemplify the relationship between N; and N;?

Few samples, many shots per sample

0.08

Error

Learning error

Shots per sample (total number of queries / number of samples)

G

Centre for
Quantum
Technologies

the entangled
compucting lab

*Technically a gradient-descent-esque algorithm instead of vanilla GD.

0.05 1

0.03 1

and provide tighter guarantees

0.001

---- Bias (w/ u) —e— Variance (w/ u)
---- Bias (w/ou) —e— Variance (w/o u)

5

(2) Gradient descent™ can be made robust



Probabilistic concept learning

Probabilistic concept class Learning task
F= U™ =Elylxl] - Unknown f €7 R(hy,)
D =p@pOIx) | ~ Goal ' ' ‘
Ey[£(f (), by ()]

> Since Xq1,X2,...,XN,~D

Loss function: f(fg(x), hw(x)) » We canonly get: R(p,)

' N
j 1N
N—Z £(5, b (x2))

Hypothesis class

H = {hy(x),w € R"} » Task: R(h,,) — R(h,+) <€

G

Cnte for the entangled /
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Getting data — the black box model

Family of PQC models:  Fy, = {fo(x) = (0|UT(x,8)0U(x, 6)|0)}

tr(pg(x)0)

4

P .. N -
| 0 D { QQ
| hEH min|h(x)—y'|2)'<"@

Which PQCs are learnable? How do we get the hypothesis class H?

A

Datapoint y

R the entangled
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Getting data — the grey box model

Family of PQC models:  Fy, = {fo(x) = (0|UT(x,8)0U(x, 6)|0)}

L tr(pp(x)0)
Which PQCs are learnable? O T 0
No clear answer yet. 0) 4 = °@) ~&\ - 2@ S X
But we know 0) 1 5= | 6@ _ =0 @] - =
some PQCs are learnable, |

and we know how to provide
their classical surrogates.

Quantum

cenre for . the entangled PRA 103, 032430 (2021).
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Fourier representation of PQC

Q-1
fo0) = €, (0) + ) 04, (0) cos({wy, ) + by, (8) sin((ay, 1))
i=1
1 -
= (Wr(0), Pr(x)) ( cos({@1, x)) \ (a) | L ________ l _____________ o

/ Zwoizg / \» L sin((wl,x)) ’0> 1. _ S(x) _a\ _ S(x) , S
0 b:(‘g) Vial cos({@jq)-1, 0 = Ls@] B sl -
- \sm«wm 1 x>)/ Jg JEEE D R

Aoy 1(9)

\s Daq- 109)/
Fuo = {fo(x) = (Wr(0), ¢F(x)}}

tr(pg(x)0)

Centre for
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Classical machine learning models

PQC models:| fp(%) € [0,1] /7 00 = (05, 50 — (w, 600

fo(x) = (Wr, dp (1)) = (w,p(x)) +iE(x)) (0 MM i

Ex[E(0)°] < |

Hypothesis class: H = {h(x) = (w, p(x))} lwll; < B,llg@)ll; < 1

—— . |
: : : : 1 !
Simplify hypothesis class: \: /COS«wl’ x))\ |
> Directly truncate () = D E b(x) = 1 [ sin((ey, x)) E
> Random Fourier Features i vD 5 :
. \608(<wp, x)) |
i sin((wp, x))/ |

Centre for
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Empirical risk minimization

PQC models:; fo(x) € [0,1] | Minimize R (h) to achieve low R(h)

fo(x) = (w, ¢p(x)) + f(x) Hypothesis class: H = {h(x) = (w, p(x))}

| 1 / cos(<w1,x>)\§ 1

I _ 1| sin({wy,x)) | w* = arg min — w, P(x;)) — v;)*
600 = 75 5 i g min 2 (w, d(x1)) — ¥i)
! \C?S«wD;x)) ! i=

A sin((wp, X))/ | R(hy,) = E [(hy(x) — f5(2))?]

____________________________

1 $(x) = (Wr, pp(x)) — (W, p(x))
1 E(x) € [-M, M] | . o
| | » Constrained convex optimization

L ________! » Kernel ridge regression with line search

Centre for
x the entangled

Quantu m .
Technologies CDITIDLIEIHQ |aD




Guarantees for empirical risk minimization

PQC models:; fo(x) € [0,1] | Minimize R (h) to achieve low R(h)

fo(x) = (w, ¢p(x)) + f(x) Hypothesis class: H = {h(x) = (w, p(x))}

| 1 [ cos(twn 2 i n
: _ | sinl@y,x) | Lemma 1: R(h,) <€ +0| D? |—
i P VD 5 : 1 \ N,
| \COS((&)D, x)) |
| sin((wp, x))/

____________________________

' E(x) = (Wp, pp () — (W, p(x))

. Amount of data to learn: N; € O(D%)
1 £(x) € [-M, M] i

» Can we do better for the number of data?
» No indication on number of shots N
____________________________ » Does a trade off between N; and N exist?

Centre for
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Classical machine learning models

PQC models: | fp(%) € [0,1] 6 = (v, 50 — (w90

fo@) = (wp, br () = (w, () +{@)] 1 <[)€f)[‘]’”< . i

 E, <e€ I

= u((w,p(x)) + (%)) A, S
Hypothesis class: H = {h(x) = u({w, p(x)))} lwll; <B,ll¢@)ll, <1

e e e |

: 1 :

————————————————————————— . i 1 [ cos(tan,x) ;

0, ifx<0, ! ' b(x) = | sin(twy,x) |

u(x) ={x ifo<x<1,: i¢(x) VD ‘ |

L isith : (coston o) |

: i sin((wp, x))/

Centre for
Y the entangled
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The learning algorithm

Algorithm 1: The learning algorithm

Input: Training data size N, validation data size Na,
number of measurement shots Ng, parameter
setting of quantum model 6, distribution of
input p(x), non-decreasing L-Lipschitz
function v : R — ), kernel function &
corresponding to feature map ¢, learning rate
A > 0, number of iterations T

1 Sample N; training data inputs @1,...,xN, ~ p(x).

Just think of it as kernelized gradient descent
with a validation dataset.

UL QULLLLILLE, UAUADVU \ gy Y7 )i—1

3 Repeat steps 1 and 2 to collect labelled validation data
. — N2
of size Na, (P;,q;);21-
Initialize o := 0 € RN,
fort=1,...,7T do
B (@) = u (LN alk(@,@:))
for:=1,2,...,N; do
L afthi=al + Nil(gz — h'(z;))

Output: A" where
. N. —
r=argmineq,..ry 55 2521 (@G — h'(p;))”

o N O oA

q Centre for the entangled
Quantum .
Technologies CDITIDI_II:IHQ |EID
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Provable guarantee on concept learning

Apply gradient descent* on data to achieve low R(h).

4 T q 1
:R(h) <0 +M |—+D |—+D
Theorem 1: R(h) NG N, N, N.N.
N N N
1
Lemma 1: R(h,+) <€, + 0| D? -
NRae!

Centre for
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Provable guarantee on concept learning

Apply gradient descent* on data to achieve low R(h).

o1
Theorem1: R(h) < 0| e, + M |—+
N4
N

EE2 <1 f0yelmm || Quantum models cannot be leamned
| | i . without a (fairly) efficient and good |
o E(x) =A{wp, Pr(x)) — (W, ) : | classical approximation. !
fo(x) = (W, dr (1)) h(x) = u({w, d(x))) | Bias from the model representation. !

——————————————————————————————————————

Centre for
x the entangled

Quantum
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Asymmetrical effects of Ny and N

T 1 N; = oo

Corollary 1: R(h) <O D |[—+D

<
NoN. > R(h) <0

\VS — 00
f 2.5 HZ'S —

~ 1
R(h)<O| D

" 1.5 \‘5:\ - 1.5 N]_
[oN
8

\

0.5
- 00 [00 N and N have asymmetrical effects
on the model’s learning performance.

Centre for Elj
x the entangl

Quantum . 17
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Asymmetrical effects of Ny and N

Theoretical Empirical

2.5 0.25

r 0.25
2.0 20 0.20
< |Fr15 F0.15 = | [ 0.15
<110 [0.10 % | Lo10

T 0.05
0.5 0.05

' - 0.00 [

0.0 0.00
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Learning PQC models with N; = 1

T 1 Ny —» o

Corollary1: R(h) <O| D |—+ D > R(h) <0
Ny N1N;
\ \
N, = —— N, =40 =—— N, =800 ~—— N, =24000 =-=-- Exact
1.0 @ee @ ° ® ) e ® @O e880ee 00 o oo
1.0
0.8 1 ®
Exact 08
0.6
— —~ 0.6
= 3
L'30.4' c'.\0_44
0.2 1 0.2
0.0{ o eseocscoammem e o ® ene@e 0.0
~1.00-0.75-0.50—0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50—0.25 0.00 0.25 0.50 0.75 1.00
x/m x/m
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Trade-off between Ny and N

e o o o e e e e e e e e e e e e e e e e e e mm e e e Em e e e e e e e e e e e e e e e = |
2.5
o Hardware Provider QPU family Per-task price Ir Fer-_sho_t p_Lce_ |
| :
1.5 I
Lo lonQ Harmony $0.30000 [ $0.01000 :
| |
|
0> $0.30000 I $0.03000 |
lonQ Aria |
0.0 I :
$0.30000 : $0.00145 |
IQM Garnet | I
|
|
_ |
Assu m ed We have u n II m Ited QuEra Aquila $0.30000 | $0.01000 :
. . |
queries to quantum systems. s Aepen-ti $0.30000 | s000035 |
L e ——a
__________________________________________________ |
' Some hardware is more expensive than others. |
q geuf;‘n‘fu:‘n" the entangled -
Technologies CDITIDI_Itiﬂg |EID




Trade-off between Ny and N

Limit the total number of queries to quantum systemes.

Total measurement budget: Niot = N; - (Ng + y)

1= + ] :
N, M Extray € R fc')r changing :
\ ' parameter settings !

* ¥ = 0: Nior = Nqp - Ng
YTrapped lons > VSuperconducting

4

Centre for
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R(h) <0 Dj;lﬂ)/

Trade-off between Ny and N

Corollary 1:

____________

Corollary 2:

N +
R(h) < 0 V
NtotN

G
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Quantum
Technologies

the entangled
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1.8

1.6
1.4
= 1.21

a2, 1.0
A2 0.8-
0.6
0.4
0.2+
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S 12

b}
RS 0.8

Trade-off between N; and N

Theoretical Empirical
1.8 0.10
1.6-
0.08-
1.4 1
= 0.06-
z10- E
oS 0.04
0.6_ 0.02_
0.4 _
0.2+ . . . . , 0.001
0 5 10 15 20 25 0 5 10 15 20 25
N, N
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Role of the link function u

With link function

h(x) = u({w, $(x)))

! | 1.0
! 0, ifx <O, ! 05
L u(x) ={x% fo<x <1, |
| 1, ifx > 1, ! (1’
u(x) 3 0.5
A =
IS . 0
i 1
. 0.5
0 > x
0.0

Centre for the Eﬂtal_lg|Elj

Quantum
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Without link function

g(x) = (w, p(x))

---- Exact —— Mean —-— |ndividual (Various colors)

With link function Without link function

R &Y
A ¢ 1
N g

24



Prediction Error

Bias-variance trade-off

Analyze the average R(h) over all possible training datasets

Es|R(hs)] =

[Blasg] + E,|[Varg]

G

Centre for
Quantum
Technologies

A
i ]
1 1
\ —
E 1
: _______________________ ¥
: 27 N
1 .
2 . Ex[Vars]
~ g
~ ' -,
Wi i “*
§~ 1 ”
"~:_:‘:*’ oo
______________ r -'--——____C*E]Ex[Biasg]
U et
. : >
Low High

LISy

the entangled
compucting lab

low
Variance

High
Variance

High Bias

Low Bias

Data re-uploading models:

|0X0]

SN

P
10)| R(6") || Rx(x) umem)

__________________________________________________________________________




Provable guarantee on concept learning

Apply gradient descent* on data to achieve low R(h).

4 T T 1
:R(h) <0 +M |[—+D |[—+D
Theorem 1: R(h) NG N, N, N.N.
N \ N
Bias Variance
1

Lemma 1: R(h,+) <€, + 0| D?

Ny
N 1

The link function limits the model complexity and
forcibly compresses the variance upper bound.

Quantum
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Effects of shot noise on bias and variance

Analyze the average Rexpl(h) over all possible training datasets

Es [Rexpl(hé‘)] — Ex[BiaSéz‘] + E,[Varg]

--=-- Exact — Mean —-— |ndividual (Various colors) 0.07 1
1.0
0.06 A
0.5
0.05 A
0.0 . o .
Bias Variance
1.0 — _
o 0.04
-
0.5 L 0.03
0.0 _
1.0 0.02
05 0.01 -
0.0 0.00 1
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 1 2 3 4 5 6 7 8 9 10
x/m Degree of Fourier series, d
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Learning with and without the link function

Hypothesis class (with link function):

w=1

———————————————————————————————————————————————————————————————————————————————————————————————

G

Centre for
Quantum
Technologies
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compucting lab

Error

0.60

0.40 -

0.20 1

0.001__

- ————
TN e - -

0.08

0.05+

0.03 1

0.00 1, .
0.08 T
N, = 100 :
o Nt
\\
0.051 \\\ ---- Bias (w/ u) —e— Variance (w/ u)
\, ---- Bias (w/o u) —e— Variance (w/o u)

0.03 1

0.00-

1 2 3 4 5 6 7 8 9 10
Degree of Fourier series, d )8




Conclusion

Can we obtain provable guarantees of learning that
exemplify the relationship between N; and N;?

(1) Asymmetrical trade-offs between N; and N (2) Gradient descent™ can be made robust i
Many samples, one shot per sample Few samples, many shots per sample and pl"OVIde t|ghter gua ra nteeS i
: : 0.08 - |
Ny=10 |

\ RO :

! . 0.051 |

o |

- |

. L |

0.031 |

%" 0.001_, Sttt |
3; ---- Bias (w/ u) —e— Variance (w/ u) i
---- Bias (w/ou) —e— Variance (w/o u) i
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