
Concept learning of parameterized 
quantum models from limited 
measurements 
Po-Wei Huang
arXiv:2408.05116 [quant-ph]

Slides adapted from Beng Yee Gan Beng Yee
Gan

Po-Wei
Huang

Elies 
Gil-Fuster

Patrick 
Rebentrost



Power of quantum computers
Quantum simulations

Shor’s algorithm

Random circuit sampling

Quantum machine learning
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Quantum machine learning

Random circuit sampling

Quantum simulations

Tensor network

Performance is benchmarked against classical computers.



Quantum
Computation

Nat. Commun., 12(1), 2631 (2021).

Access to data makes classical 
machines more powerful.

Replacing (some) quantum with classical
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Learning from limited measurements

Shot noise is an intrinsic aspect 
of learning quantum models.
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𝑂𝒙𝒊

𝑁𝑠

𝑁1

Datapoint 𝑖

ത𝑦𝑖
Avg.

Quantum models: 𝑓𝜽 𝒙 = tr(𝜌𝜽 𝒙 𝑂)
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𝔼 ത𝑦 ത𝑦 𝒙

• Dataset: 𝒙𝑖, ത𝑦𝑖 𝑖=1
𝑁1  

Estimated with 𝑁𝑠 shots



Results overview
Can we obtain provable guarantees of learning that 

exemplify the relationship between 𝑁1 and 𝑁𝑠?

(1) Asymmetrical trade-offs between 𝑁1 and 𝑁𝑠 
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(2) Gradient descent* can be made robust
and provide tighter guarantees

*Technically a gradient-descent-esque algorithm instead of vanilla GD.



Probabilistic concept learning
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Probabilistic concept class

ℱ = 𝑓 𝒙 = 𝔼𝑦[𝑦|𝒙]

Hypothesis class
ℋ = ℎ𝒘 𝒙 , 𝒘 ∈ ℝ𝐷

ℓ 𝑓𝜽 𝒙 , ℎ𝒘 𝒙Loss function:

➢ Unknown 𝑓 ∈ ℱ
Learning task

𝒟 = 𝑝(𝒙)𝑝(𝑦|𝒙)

➢ Since 𝒙𝟏, 𝒙𝟐, … , 𝒙𝑵𝟏~𝓓

𝒘∗ = argmin𝒘 𝔼𝒙 ℓ 𝑓 𝒙 , ℎ𝒘 𝒙
➢ Goal: 𝑅(ℎ𝒘)

➢ Task:   ෠𝑅 ℎ𝒘 − 𝑅 ℎ𝒘∗ ≤ 𝜖

➢ We can only get:

1
𝑁1

෍
𝑖=1

𝑁1

ℓ ത𝑦, ℎ𝒘 𝒙𝒊

෠𝑅(ℎ𝒘)

Provable guarantee



Getting data – the black box model
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Which PQCs are learnable? How do we get the hypothesis class ℋ?

Family of PQC models: ℱ𝑈,𝑂 = 𝑓𝜽 𝒙 = 𝟎|𝑈† 𝒙, 𝜽 𝑂𝑈(𝒙, 𝜽)|𝟎
tr(𝜌𝜽 𝒙 𝑂)



PRA 103, 032430 (2021).

𝒙 ∈ 0,2𝜋 𝑚

𝜽 ∈ 0,2𝜋 𝑟
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𝑂

Getting data – the black box modelgrey box

But we know
some PQCs are learnable,

and we know how to provide 
their classical surrogates.

Which PQCs are learnable?
No clear answer yet.

Family of PQC models: ℱ𝑈,𝑂 = 𝑓𝜽 𝒙 = 𝟎|𝑈† 𝒙, 𝜽 𝑂𝑈(𝒙, 𝜽)|𝟎
tr(𝜌𝜽 𝒙 𝑂)



Fourier representation of PQC

𝑓𝜽 𝒙 = 𝑐𝝎0 𝜽 + ෍
𝑖=1

Ω −1

𝑎𝝎𝑖 𝜽 cos 𝝎𝑖, 𝒙 + 𝑏𝝎𝑖 𝜽 sin(⟨𝝎𝑖, 𝒙⟩)

= ⟨𝒘𝐹(𝜽), 𝝓𝐹(𝒙)⟩
1
Ω

1
cos 𝝎1, 𝒙
sin(⟨𝝎1, 𝒙⟩)

⋮
cos 𝝎 Ω −1, 𝒙
sin(⟨𝝎 Ω −1, 𝒙⟩)Ω

𝑐𝝎0 𝜽
𝑎𝝎1 𝜽
𝑏𝝎1 𝜽

⋮
𝑎𝝎 Ω −1 𝜽
𝑏𝝎 Ω −1 𝜽
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ℱ𝑈,𝑂 = 𝑓𝜽 𝒙 = ⟨𝒘𝐹(𝜽), 𝝓𝐹(𝒙)⟩
tr(𝜌𝜽 𝒙 𝑂)



PQC models: 𝑓𝜽 𝒙 ∈ [0,1]

𝑓𝜽 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙

Classical machine learning models

𝜉 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 − 𝒘, 𝝓 𝒙
𝜉 𝒙 ∈ [−𝑀, 𝑀]
𝔼𝒙 𝜉 𝒙 2 ≤ 𝜖1
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= 𝒘, 𝝓 𝒙 + 𝜉 𝒙

Hypothesis class:    ℋ =

Simplify hypothesis class:
➢ Directly truncate Ω → 𝐷
➢ Random Fourier Features

𝒘 2 ≤ 𝐵, 𝝓(𝒙) 2 ≤ 1

𝝓 𝒙 =
1
𝐷

1
cos 𝝎1, 𝒙
sin(⟨𝝎1, 𝒙⟩)

⋮
cos 𝝎𝐷, 𝒙
sin(⟨𝝎𝐷, 𝒙⟩)

ℎ 𝒙 = 𝒘, 𝝓 𝒙



Empirical risk minimization
Minimize ෠𝑅(ℎ) to achieve low 𝑅(ℎ) 
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Hypothesis class:    ℋ = ℎ 𝒙 = 𝒘, 𝝓 𝒙

𝑅 ℎ𝒘∗ = 𝔼𝒙[(ℎ𝒘∗ 𝒙 − 𝑓𝜽 𝒙 )2]

𝒘∗ = arg min
𝒘 2<𝐵

1
𝑁1

෍
𝑖=1

𝑁1

( 𝒘, 𝝓 𝒙𝒊 − 𝑦𝑖)2

➢ Constrained convex optimization
➢ Kernel ridge regression with line search 

PQC models: 𝑓𝜽 𝒙 ∈ [0,1]

𝜉 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 − 𝒘, 𝝓 𝒙
𝜉 𝒙 ∈ [−𝑀, 𝑀]
𝔼𝒙 𝜉 𝒙 2 ≤ 𝜖1

𝑓𝜽 𝒙 = 𝒘, 𝝓 𝒙 + 𝜉 𝒙

𝝓 𝒙 =
1
𝐷

1
cos 𝝎1, 𝒙
sin(⟨𝝎1, 𝒙⟩)

⋮
cos 𝝎𝐷, 𝒙
sin(⟨𝝎𝐷, 𝒙⟩)



PQC models: 𝑓𝜽 𝒙 ∈ [0,1]

Guarantees for empirical risk minimization

𝜉 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 − 𝒘, 𝝓 𝒙
𝜉 𝒙 ∈ [−𝑀, 𝑀]
𝔼𝒙 𝜉 𝒙 2 ≤ 𝜖1
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𝑓𝜽 𝒙 = 𝒘, 𝝓 𝒙 + 𝜉 𝒙

𝝓 𝒙 =
1
𝐷

1
cos 𝝎1, 𝒙
sin(⟨𝝎1, 𝒙⟩)

⋮
cos 𝝎𝐷, 𝒙
sin(⟨𝝎𝐷, 𝒙⟩)

𝑅 ℎ𝒘∗ ≤ 𝜖1 + ෨𝒪 𝐷2 1
𝑁1

Lemma 1:

Minimize ෠𝑅(ℎ) to achieve low 𝑅(ℎ) 

Hypothesis class:    ℋ = ℎ 𝒙 = 𝒘, 𝝓 𝒙

Amount of data to learn: 𝑁1 ∈ 𝒪(𝐷4)
➢ Can we do better for the number of data?
➢ No indication on number of shots 𝑁𝑆 
➢ Does a trade off between 𝑁1 and 𝑁𝑆 exist? 



PQC models: 𝑓𝜽 𝒙 ∈ [0,1]

𝑓𝜽 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙

Classical machine learning models

𝜉 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 − 𝒘, 𝝓 𝒙
𝜉 𝒙 ∈ [−𝑀, 𝑀]
𝔼𝒙 𝜉 𝒙 2 ≤ 𝜖1
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= 𝒘, 𝝓 𝒙 + 𝜉 𝒙

Hypothesis class:    ℋ = 𝒘 2 ≤ 𝐵, 𝝓(𝒙) 2 ≤ 1

𝝓 𝒙 =
1
𝐷

1
cos 𝝎1, 𝒙
sin(⟨𝝎1, 𝒙⟩)

⋮
cos 𝝎𝐷, 𝒙
sin(⟨𝝎𝐷, 𝒙⟩)

= 𝑢 𝒘, 𝝓 𝒙 + 𝜉 𝒙

𝑢 𝑥 = ቐ
0,
𝑥,
1,

if 𝑥 < 0,
if 0 ≤ 𝑥 ≤ 1,
if 𝑥 > 1,

ℎ 𝒙 = 𝑢 𝒘, 𝝓 𝒙



The learning algorithm
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Just think of it as kernelized gradient descent 
with a validation dataset.



Provable guarantee on concept learning

𝑅(ℎ) ≤ ෨𝒪 𝜖1 + 𝑀
4 1

𝑁1
+ 𝐷

1
𝑁1

+ 𝐷
1

𝑁1𝑁𝑠
Theorem 1:

Apply gradient descent* on data to achieve low 𝑅 ℎ . 
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Lemma 1: 𝑅 ℎ𝒘∗ ≤ 𝜖1 + ෨𝒪 𝐷2 1
𝑁1



Provable guarantee on concept learning
Apply gradient descent* on data to achieve low 𝑅 ℎ . 

𝜉 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 − 𝒘, 𝝓 𝒙

𝔼𝒙 𝜉 𝒙 2 ≤ 𝜖1

𝑓𝜽 𝒙 = 𝒘𝐹, 𝝓𝐹 𝒙 ℎ 𝒙 = 𝑢 𝒘, 𝝓 𝒙  

Quantum models cannot be learned 
without a (fairly) efficient and good 

classical approximation.

𝜉 𝒙 ∈ [−𝑀, 𝑀]

Bias from the model representation.

𝑅(ℎ) ≤ ෨𝒪 𝜖1 + 𝑀
4 1

𝑁1
+ 𝐷

1
𝑁1

+ 𝐷
1

𝑁1𝑁𝑠
Theorem 1:

16



Asymmetrical effects of 𝑁1 and 𝑁𝑠
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𝑁𝑠 → ∞

𝑅 ℎ ≤ ෨𝒪 𝐷
1

𝑁1

𝑁1 → ∞
𝑅 ℎ ≤ 0

𝑁1 and 𝑁𝑠 have asymmetrical effects 
on the model’s learning performance.

𝑅(ℎ) ≤ ෨𝒪 𝐷
1

𝑁1
+ 𝐷

1
𝑁1𝑁𝑠

Corollary 1:



Asymmetrical effects of 𝑁1 and 𝑁𝑠
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Theoretical Empirical



Learning PQC models with 𝑁𝑠 = 1
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𝑁1 → ∞
𝑅 ℎ ≤ 0𝑅(ℎ) ≤ ෨𝒪 𝐷

1
𝑁1

+ 𝐷
1

𝑁1𝑁𝑠
Corollary 1:



Trade-off between 𝑁1 and 𝑁𝑠
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Assumed we have unlimited 
queries to quantum systems.

Access to quantum computers is expensive.

Some hardware is more expensive than others.



Trade-off between 𝑁1 and 𝑁𝑠
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Limit the total number of queries to quantum systems.

𝑁tot = 𝑁1 ⋅ (𝑁𝑠 + 𝛾)Total measurement budget:

• 𝛾 = 0: 𝑁tot = 𝑁1 ⋅ 𝑁𝑠
• 𝛾Trapped Ions > 𝛾𝑆uperconducting

Extra 𝛾 ∈ ℝ+ for changing 
parameter settings



Trade-off between 𝑁1 and 𝑁𝑠
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𝑅 ℎ ≤ ෨𝒪 𝐷
1

𝑁1
+ 𝐷

1
𝑁1𝑁𝑠

1
𝑁1

=
𝑁𝑠 + 𝛾

𝑁tot
𝑁tot = 𝑁1 ⋅ (𝑁𝑠 + 𝛾)

Corollary 1:

𝑅 ℎ ≤ ሚ𝒪 𝐷
𝑁𝑠 + 𝛾

𝑁tot
+ 𝐷

𝑁𝑠 + 𝛾
𝑁tot𝑁𝑠

Corollary 2:



Trade-off between 𝑁1 and 𝑁𝑠
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Theoretical Empirical



Role of the link function 𝑢

24

ℎ 𝒙 = 𝑢 𝒘, 𝝓 𝒙 𝑔 𝒙 = 𝒘, 𝝓 𝒙

𝑢 𝑥 = ቐ
0,
𝑥,
1,

if 𝑥 < 0,
if 0 ≤ 𝑥 ≤ 1,
if 𝑥 > 1,

With link function Without link function



𝔼𝒮 𝑅expl ℎ𝒮

𝔼𝒙 𝐕𝐚𝐫𝒮

𝔼𝒙 𝐁𝐢𝐚𝐬𝒮
2

Bias-variance trade-off

25

𝑑

Analyze the average 𝑅 ℎ  over all possible training datasets 

𝔼𝒮 𝑅 ℎ𝒮 = 𝔼𝒙 𝐁𝐢𝐚𝐬𝒮
2 + 𝔼𝒙 𝐕𝐚𝐫𝒮

𝑅 ℎ = 𝔼 𝒙, ത𝑦 ∼ഥ𝒟 ℎ 𝒙 − 𝑓(𝒙) 2



Provable guarantee on concept learning

𝑅(ℎ) ≤ ෨𝒪 𝜖1 + 𝑀
4 1

𝑁1
+ 𝐷

1
𝑁1

+ 𝐷
1

𝑁1𝑁𝑠
Theorem 1:

Apply gradient descent* on data to achieve low 𝑅 ℎ . 
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Lemma 1: 𝑅 ℎ𝒘∗ ≤ 𝜖1 + ෨𝒪 𝐷2 1
𝑁1

Bias Variance

The link function limits the model complexity and 
forcibly compresses the variance upper bound.



Effects of shot noise on bias and variance
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𝑁𝑠 = 100

𝑁𝑠 = 10

𝑁𝑠 = 1

𝑅expl ℎ = 𝔼 𝒙, ത𝑦 ∼ഥ𝒟 ℎ 𝒙 − 𝑓(𝒙) 2

Analyze the average 𝑅expl ℎ  over all possible training datasets 

= 𝔼𝒙 𝐁𝐢𝐚𝐬𝒮
2 + 𝔼𝒙 𝐕𝐚𝐫𝒮𝔼𝒮 𝑅expl ℎ𝒮



Learning with and without the link function
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ℋ𝑑 = ℎ𝑑 𝑥 = 𝑢 𝜈0 + ෍
𝜔=1

𝑑

𝛼𝜔cos 𝜔𝑥 + 𝛽𝜔 sin 𝜔𝑥

Hypothesis class (with link function):

𝐺𝑑 = 𝑔𝑑 𝑥 = 𝜈0 + ෍
𝜔=1

𝑑

𝛼𝜔cos 𝜔𝑥 + 𝛽𝜔 sin 𝜔𝑥

Hypothesis class (without link function):



Conclusion
Can we obtain provable guarantees of learning that 

exemplify the relationship between 𝑁1 and 𝑁𝑠?

29

✓
arXiv:2408.05116 [quant-ph]

(1) Asymmetrical trade-offs between 𝑁1 and 𝑁𝑠 (2) Gradient descent* can be made robust
and provide tighter guarantees
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